Abstract: An analytic expression for the scalar quasinormal modes of the generic, spinning Kerr-AdS 5 black holes was previously proposed by the authors in [1] , in terms of transcendental equations involving the Painlevé VI (PVI) τ function. In this work, we carry out a numerical investigation of the modes for generic rotation parameters, comparing implementations of expansions for the PVI τ function both in terms of conformal blocks (Nekrasov functions) and Fredholm determinants. We compare the results with standard numerical methods for the subcase of Schwarzschild black holes. We then derive asymptotic formulas for the angular eigenvalues and the quasinormal modes in the small black hole limit for generic scalar mass and discuss, both numerically and analytically, the appearance of superradiant modes.
Introduction
The quasinormal fluctuations of black holes play an important role in general relativity (GR). Improving the precision of the quantitative knowledge of the decay rates is required to advance our understanding of gravitation, from the interpretation of gravitational wave data to the study of the linear stability of a given solution to Einstein equations.
A completely different motivation to analyze quasinormal oscillation of black holes arises from the gauge/gravity correspondence. In the context of the Maldacena's conjecture, black hole solutions in asymptotic AdS spacetimes describe thermal states of the corresponding CFT with the Hawking temperature, and the perturbed black holes describe the near-equilibrium states. Namely, the perturbation -parametrized by a scalar field in our case of study -induces a small deviation from the equilibrium, so that the (scalar) quasinormal mode spectrum of the black hole is dual to poles in the retarded Green's function on the conformal side. Thus one can compute the relaxation times in the dual theory by equating them to the imaginary part of the eigenfrequencies [2] . There have been many studies of quasinormal modes of various types of perturbations on several background solutions in AdS spacetime, and we refer to [3] for further discussions.
We turn our attention to a specific background, the Kerr-AdS 5 black hole [4] . The motivation to put on a firmer basis the linear perturbation problem of the KerrAdS 5 system is threefold. First, the calculation of scattering coefficients/quasinormal modes depends on the connection relations of different solutions to Fuchsian ordinary differential equations -the so-called connection problem, for which we present the exact solution in terms of transcendental equations. Second, by the AdS/CFT duality, perturbations of the Kerr-AdS 5 black hole serves as a tool to study the associated CFT thermal state [5, 6] with a sufficiently general set of Lorentz charges (mass and angular momenta). Small Schwarzschild-AdS 5 black holes, with horizon radius smaller than the AdS scale, are known to be thermodynamically unstable, it would be thus interesting to have some grasp on the generic rotating case. Finally, numerical and analytic studies hint at the existence of unstable (superradiant) massless scalar modes [7] [8] [9] , which should also be well described by the isomonodromy method.
The Painlevé VI (PVI) τ function was introduced in this context by [10, 11 ] -see also [12] -as an approach to study rotating black holes in four dimensions and positive cosmological constant. The method has deep ties to integrable systems and the Riemann-Hilbert problem in complex analysis, relating scattering coefficients to monodromies of a flat holomorphic connection of a certain matricial differential system associated to the Heun equation -the isomonodromic deformations. For the Heun equation related to the Kerr-de Sitter and Kerr-anti-de Sitter black holes, the solution for the scattering problem has been given in terms of transcendental equations involving the PVI τ function.
In turn, the PVI τ function has been interpreted as a chiral c = 1 conformal block of Virasoro primaries, through the AGT conjecture [13] . In the latter work, the authors have given asymptotic expansions for the PVI τ function in terms of Nekrasov functions, expanding early work by Jimbo [14] . More recently, the authors of [15, 16] have reformulated the PVI τ function in terms of the determinant of a certain class of Fredholm operators. We will see that this formulation has computational advantages over the Nekrasov sum expansion and will allow us to numerically solve the transcendental equations posed by the quasinormal modes with high accuracy.
The paper is organized as follows. In Section 2, we review the five-dimensional Kerr-AdS metric, and write the linear scalar perturbation equation of motion in terms of the radial and the angular Heun differential equation. In Subsection 2.2, we review the isomonodromy method. First, the solutions of each Heun equation are linked to a differential matricial differential equation, which in turn can be seen as a flat holomorphic connection. Then, we identify gauge transformations of each connection as a Hamiltonian system which is directly linked to the Painlevé VI τ function. Finally, we recast the conditions to obtain our original differential equations and their quantization conditions in terms of the PVI τ function.
In Section 3, we give approximate expressions for the monodromy parameters in terms of the isomonodromy time t 0 . Applying these results to the angular equation, we obtain an approximate expression for the separation constant for slow rotation or near equally rotating black holes. We then set out to calculate numerically the quasinormal modes for the Schwarzschild-AdS 5 and compare with the established Frobenius methods and Quadratic Eigenvalue Problem (QEP).
In Section 4, we turn to the general-rotation Kerr-AdS 5 black holes. We study numerically the quasinormal modes for increasing outer horizon radii, again comparing with the Frobenius method. We then use the analytical results for the monodromy parameters for the radial equation to give an asymptotic formula for the quasinormal modes in the subcase where the field does not carry any azymuthal angular momenta m 1 = m 2 = 0 (and therefore the angular eigenvalue quantum number even). We close by discussing the existence of superradiant modes for odd.
We conclude in Section 5. In Appendix A we describe the Nekrasov expansion and the Fredholm determinant formulation of the PVI τ function, reviewing work done in [15] . In Appendix B we give an explicit parametrization of the monodromy matrices given the monodromy parameters.
The exponents have a sign symmetry, except for α ± 1 , which corresponds ∆/2 and (4 − ∆)/2, where ∆ is the conformal dimension of the CFT primary field associated to the AdS 5 scalar. We define the single monodromy parameters ς i through α
(2.10)
We note an obvious sign symmetry ς i → −ς i , so we will take the positive sign as standard.
Coming back to the (2.7), by introducing the following transformation
we bring the angular equation to the canonical Heun form
(2.12) with q 1 , q 2 and the accessory parameter Q 0 given by
We note that (2.12) has the same AdS spheroidal harmonic form as the problem in four dimensions, the eigenvalues reducing to those ones when m 1 = m 2 , → /2, a 1 = 0 and a 2 = iα [12] . Also, according to (2.7) we have that u 0 in (2.12) is close to zero for a 2 a 1 , the equal rotation limit.
The radial equation is given by (2.15) which again has four regular singular points, located at the roots of r 2 ∆ r (r 2 ) and infinity. The indicial exponents β ± i are defined analogously to the angular case. Schematically, they are given by 16) where θ k , k = +, −, 0, ∞ are the single monodromy parameters, given in terms of the physical parameters of the problem by
where k = 0, +, −. To bring this equation to the canonical Heun form which we can use, we perform the change of variables 3 ,
where
The equation for R(z) is
Both equations (2.12) and (2.20) can be solved by usual Frobenius methods in terms of Heun series near each of the singular points. We are, however, interested in solutions for (2.12) which satisfy
which will set a quantization condition for the separation constant C j . For the radial equation with µ 2 > 0, the conditions that Π(z) corresponds to a purely ingoing wave at the outer horizon z = z 0 and normalizable at the boundary z = 1 read as follows 4 : 24) where R(z) is a regular function at the boundaries. This condition will enforce the quantization of the (not necessarily real) frequencies ω, which will correspond to the (quasi)-normal modes.
Radial and Angular τ functions
The functions described in this Section will be the main ingredient to compute the separation constant C j and the quasinormal modes, which will be the focus of next Section. A more extensive discussion of the strategy can be found in [1] . Let us begin by rewriting the Heun equation in the standard form as a first order differential equation. Consider the system given by
where Φ(z) is a matrix of fundamental solutions and the coefficients A i , i = 0, t, 1 are 2 × 2 matrices that do not depend on z. Using (2.25) we can derive a second order ODE for one of the two linearly independent solutions y (1,2) (z) given by 26) which, by the partial fraction expansion of A(z) will have singular points at z = 0, t, 1, ∞ and at the zeros and poles of A 12 (z). Let us investigate the latter. By a change of basis of solutions, we can assume that the matrix A(z) becomes diagonal at infinity, thus
This leads to the assumption that A 12 vanishes like O(z −2 ) as z → ∞. By the partial fraction form of A(z) we then have
where k and λ do not depend on z but can be expressed explicitly in terms of the entries of A i , as can be seen in [20] . For our purposes, it suffices to check that z = λ is a zero of A 12 (z) and necessarily of order 1. Therefore, z = λ is an extra singular point of (2.26), which does not correspond to the poles of A(z). A direct calculation shows that this singular point has indicial exponents 0 and 2, with no logarithmic tails, and hence corresponds to an apparent singularity, with trivial monodromy. The resulting equation for (2.26) is in general not quite the Heun equation, but has five singularities
where θ i = Tr A i and we set by gauge transformation det A i = 0 for i = 0, t, 1. The accessory parameters are µ = A 11 (z = λ) and K, which is defined below. We will refer to this equation as the deformed Heun equation. The absence of logarithmic behavior at z = λ results in the following algebraic relation between K, µ and λ
Now, since we are interested in properties of the solutions of (2.26), and therefore of (2.25), which depend solely on the monodromy data -phases and change of bases picked as one continues the solutions around the singular points -we are free to change the parameters of the equations as long as they do not change the monodromy data. The isomonodromy deformations parametrized by a change of t view A(z) as the "zcomponent" of a flat holomorphic connection A. The "t-component" can be guessed immediately: 31) and the flatness condition gives us the Schlesinger equations:
(2.32)
When integrated, these equations will define a family of flat holomorphic connections A(z, t) with the same monodromy data, parametrized by a possibly complex parameter t. The set of corresponding A(z, t) will be called the isomonodromic family. It has been known since the pioneering work of the Kyoto school in the 1980's -see [21] for a mathematical review and [11] for the specific case we consider here -that the flow defined by these equations is Hamiltonian, conveniently defined by the τ function
In terms of µ, λ, the Schlesinger flow can be cast as 34) and the ensuing second order differential equation for λ is known as the PVI transcendent. The relation between the τ function and the Hamiltonian can be obtained by direct algebra:
Expansions for the PVI τ function near t = 0, 1 and ∞ were given in [13, 22] , and Appendix A. For t sufficiently close to zero we have
The parameters in these expansions are related to the monodromy data { θ, σ} = {θ 0 , θ t , θ 1 , θ ∞ ; σ 0t , σ 1t }, where θ i = Tr A i are as above and σ ij are the composite monodromy parameters 2 cos
where M i (M j ) is the matrix that implements the analytic continuation aroud the singular point z i (z j ). Given the monodromy data, the σ parameter is related to σ 0t by the addition of an even integer σ 0t = σ + 2p so that the coefficients above will give the largest term in the series. We will defer the procedure to calculate p until Section 4. The parameter κ is given in terms of the monodromy data by (A.12). The usefulness of the PVI τ function for the solution of the scattering and quasinormal modes for the scalar AdS perturbations is based on the relation between the scattering coefficients and the monodromy data [10, 12] . For the quasinormal modes, the relationship was shown in [1] . Succintly, it states that conditions like (2.23) and (2.24) require that the relative connection matrix between the Frobenius solutions constructed at the singular points to be upper or lower triangular. In turn, this means that, in the basis where one monodromy matrix is diagonal, the other will be upper or lower triangular. A direct calculation shows that cos πσ ij = cos π(θ i + θ j ).
(2.38)
As derived in [1] , the converse is also true: if the composite monodromy is given by (2.38), then the monodromy matrices M i and M j are either both lower or upper triangular. We note that this formulation views the problem of finding eigenvalues for the angular equation similar in spirit to finding the quasinormal frequencies for the radial equation. For the problem under consideration, the expressions for the composite monodromies condition (2.38) in terms of the quantities in each ODE (2.12) and (2.20) are
These conditions on the τ function for the radial and angular system can be obtained by first placing conditions on the matricial system (2.25) such that the equation for the first line of Φ(z) (2.26) recovers the differential equation we are considering -(2.12) for the angular case and (2.20) for the radial case. We need, from the generic form of the equation satisfied by the first line (2.29) , that the canonical variables λ(t 0 ) = t 0 , µ(t 0 ) and K(t 0 ) are to be chosen so that (2.30) has a well-defined limit as λ(t 0 ) → t 0 . These conditions, expressed in terms of the τ function (2.33), are
where K 0 is the accessory parameter of the corresponding Heun equation (radial or angular) and the parameters of the τ function are given by
These conditions can be understood as an initial value problem of the dynamical system defined by (2.34) . Given the expansion of the τ function (2.36), these conditions provide an analytic solution to the system, and can be inverted to find the composite monodromy parameters σ 0t , σ 1t . We plan to apply these conditions to both the radial equation (2.20) and the angular equation (2.12), and view (2.41) as the set of (exact) transcendental equations which can be solved numerically. The solution for the quasinormal modes means finding for ω, given the rest of the parameters of the differential equations (2.20) and (2.12), by solving the set of four transcendental equations, the pair in the conditions on the τ functions (2.41) for each condition in the angular and radial equations (2.39) and (2.40). The parameters for each pair are given explicitly by
It should be noted that the conditions (2.41) give an analytic solution for the quasinormal frequencies. The set of transcendental (and implicit) equations is probably the best that can be done: save for a few special cases -see [22] -the solution for the dynamical system (2.34) cannot be given in terms of elementary functions. On the other hand, the true usefulness of the result (2.41) relies on the control we have over the calculation of the PVI τ function.
In previous work [1] we considered the interpretation of the expansion (2.36) in terms of conformal blocks, which in turn allow us to interpret the τ function as the generating function for the accessory parameters of classical solutions of the Liouville differential equation -an important problem in the constructive theory of conformal maps [23] . On the other hand, expressions like the first equation in (2.41) could be interpreted in the gauge/gravity correspondence as an equilibrium condition on the angular and radial "systems", if one could interpret the radial (2.20) and angular (2.12) equations as Ward identities for different sectors in the purported boundary CFT -see [24] for comments on that direction in the simpler case of BTZ black holes. The second condition in (2.41) is related to an associated τ function, with shifted monodromy arguments for which we will give an interpretation in terms of the Fredholm determinant in Appendix A. In would be interesting to further that line and explore the holographic aspects of the structure outlined by the analytic solution, but we will leave that for future work.
The expression for the τ function in terms of conformal blocks (2.36), called Nekrasov expansion, is suitable for the small black hole limit which we will treat algebraically in this article. From the numerical analysis perspective, however, it suffers from the combinatorial nature of its coefficients -see Appendix A, which takes exponential computational time O(e αN ) to achieve O(t N ) precision. Because of this, we have used for the numerical analysis an alternative formulation of the PVI τ function through Fredholm determinants, introduced in [15, 16] , also outlined in Appendix A. This formulation achieves O(t N ) precision for the τ function in polynomial time O(N α ).
3 Painlevé VI τ function for Kerr-AdS 5 black hole
For u 0 or z 0 sufficiently close to a critical value of the PVI τ function (t = 0, 1, ∞), both the Nekrasov expansion and the Fredholm determinant will converge fast. It makes sense then to begin exploring solutions with this property. If u 0 is close to 0, this corresponds to the almost equally rotating a 1 a 2 or to the slowly rotating a 1 , a 2 0 cases. For z 0 close to 0 we are considering the near-extremal limit r + r − , or small r + , r − 0 black holes.
The procedure of solving (2.41) can be summarized by first using the second equation to find the parameter s in the Nekrasov expansion (A.2), and then substituting this back in the first equation in order to find the monodromy parameter σ -see [26] and [27] . In our application, there are some remarks on the procedure. The first observation is that the τ function is quasi-periodic with respect to shifts of σ 0t by even integers σ 0t → σ 0t + 2p:
This means that, upon inverting the equations (2.39) and (2.40), we will obtain, rather than the σ 0t associated to the system, a parameter, which we will call σ, related to σ 0t by the shift σ 0t = σ + 2p. Let us digress over the consequences of this periodicity by analyzing the structure of the expansion (A.2). Schematically,
where P (σ + 2m; t 0 ) is analytic in t 0 , and to find the zero of τ (t 0 ) as per (2.44) is useful to define X = st σ 0 , making the expansion analytic in t 0 and meromorphic in X. We can now solve (2.44) and thus define X(σ, t 0 ) in terms of σ as a series in t 0 . Let us classify these solutions by their leading term:
Depending on the sign of σ, the leading term will depend on t 0 or t
0 . We will suppose σ > 0 for the discussion. The "fundamental" solution X 0 is written as (see (A.12))
Solutions with σ < 0 can be obtained sending σ to −σ and inverting the term in square brackets in the expression for Y . Solutions with higher value for p will also be of interest. These will have the leading term of order t 2p+1 0
and can be obtained from the quasi-periodicity property (3.1), which translates to a shifting property for X p . From the generic structure (3.2) above we have
By this property, assuming σ > 0, we have that a solution X p (σ; t 0 ) for (2.44) with leading term of higher order in t 0 can be obtained from a fundamental solution of leading order t 0 with shifted σ:
This allows us to construct a class of solutions for the conditions (2.41) which are generic enough for our purposes. From X p (σ; t 0 ) or Y (σ; t 0 ) we can define the parameter κ entering the expansion (2.36): 9) and the family of parameters s p :
with X 0 given in terms of Y as above. The knowledge of both parameters s p and σ is sufficient to determine the monodromy data by (A.5).
We can now proceed to compute the accessory parameter K 0 in terms of the monodromy parameter σ by substituting κ found through (3.9) back to the first equation in (2.41). We note that this equation has for argument the shifted monodromy parameters { θ, σ} − defined by (2.42) . This shift leaves the s parameter invariant s({ θ, σ} − ) = s({ θ, σ}) but, because of the string of gamma functions in (A.12), the κ parameter entering the asymptotic formula (2.36) will change as
Using the fundamental solution for Y (σ, t 0 ) (3.5) and (3.9), we find the first terms of the expansion of the accessory parameter
for σ > 0. The corresponding expression for σ < 0 can be obtained by sending σ → −σ. The higher order corrections can be consistently computed from the series derived in [27] . Note that, since any solution for X in the series (3.8) will yield the same value for s in (A.2), and hence the same value for K 0 , the difference between σ and σ 0t is tied to which terms of the expansion are dominant, and depends on the particular value for s and t 0 . The generic structure of the conformal block expansion, of which K 0 is the semi-classical limit, was discussed at some length in the classical CFT literature [28, 29] . The relevant facts for our following discussion, given the generic expansion:
are as follows: k n is a rational function of the monodromy parameters, the numerator is a polynomial in the "external" parameters θ i and σ, and the denominator is a polynomial of σ alone; Secondly, k n is invariant under the reflection σ ↔ 2 − σ. Thirdly, k n has simple poles at σ = 3, 4, . . . , n + 1 and σ = −1, −2, . . . , −n + 1, poles of order 2n − 1 at σ = 0, 2 and is analytic at σ = 1. Fourthly, the leading order term of k n near σ 2 is (for n ≥ 1)
where C n is the n-th Catalan number. A similar structure exists for the fundamental solution X 0 (σ; t 0 ), or, rather, Y (σ; t 0 ):
with leading order for each χ n given by (for n ≥ 3)
where the implicit terms are of order O((σ − 2) −2n+3 ) or higher.
The angular eigenvalues
The separation constant can be calculated from the τ function expansion by imposing the quantization condition (2.39). For equal rotation parameters, a 1 = a 2 , the Heun equation reduces to a hypergeometric, and an analytic expression in terms of finite combinations of elementary functions can be obtained [8] . We can recover the result with the PVI τ function by taking the limit u 0 → 0. The leading term of (3.12) gives the exact result
which recovers the literature if we set the integer labelling the angular mode as
We note that (some of) the SO(4) selection rules are encoded in the requirement that j is an integer [30] . For generic angular parameters, the monodromy data of the angular equation (2.12) is composed of the single monodromy parameters (2.10) {ς 0 , ς u 0 , ς 1 , ς ∞ } and the composite monodromy parameters {ς 0u 0 , ς 1u 0 }. Using the formula (3.12), the separation con-stant (3.17) can be written up to third order in u 0 (remember that ς = ω+a 1 m 1 +a 2 m 2 ):
This expression reduces to the ones found in [8] when a 1 a 2 . It also agrees with the expression in [31] for ∆ = 4, at least to the order given.
With an expression for the separation constant we can address the computation of the quasinormal modes using the two initial conditions for the radial PVI τ function at t 0 = z 0 . We will next explore this and compare with numerical results obtained from well-established methods in numerical relativity.
The quasinormal modes for Schwarzschild
In the limit a i → 0, one recovers the Schwarzschild-AdS metric, and accordingly the radial differential equation coming from the Klein-Gordon equation for massless scalar fields (2.15) can be reduced to the standard form of the Heun equation. The exponents θ k are given by We note that the system of coordinates is different from [32] , and the singular point at r = r + is mapped by (2.18) to z 0 = r 2 + /(1 + 2r 2 + ). Likewise, the angular equation (2.7) reduces to a standard hypergeometric form. The angular eigenvalues can be seen to be the usual SO(4) Casimir: C = ( + 2). In terms of ω, ∆, r + , the accessory parameter K 0 in (2.22) is
This, along with the quantization condition for the radial monodromies (2.40), provide through (2.41) an implicit solution for the quasinormal modes ω n along with the composite monodromy σ 0t , as we will tackle in 4.2.
In order to test the method we present in Tables 1 and 2 the numerical solution ω n, for the first quasinormal mode n = 0, = 0 s-wave case, and compare with known methods, the pseudo-spectral method with a Chebyshev-Gauss-Lobatto grid to solve associated Quadratic Eigenvalue Problem (QEP), and the usual numerical matching method based on the Frobenius expansion of the solution near the horizon and spatial infinity 5 . The Frobenius method implements the smoothness on the first derivative at the matching point of the two series solutions constructed with 15 terms, at the horizon and the boundary [33] . On the other hand, the pseudospectral method relies on a grid with 120 points between 0 and 1. For a more comprehensive reading, we recommend [34, 35] . The results for ω 0,0 are reported in Tables 1 and 2 . The Schwarzschild-AdS case has been considered before [2, 9, 32, 36, 37] , and should be thought of as a test of the new method. Even without optimized code 6 , the Fredholm determinant evaluation of the PVI τ function provides a faster way of computing the normal modes than both the numerical matching and the QEP method. Convergence is significantly faster when compared to the other methods for small z 0 ∼ 10 −5 , and can provide at least 14 significant digits for the fundamental frequencies. Table 2 . The same quasinormal mode frequency ω 0,0 computed using numerical matching from Frobenius solutions (with 15 terms) and the Quadratic Eigenvalue Problem (with 120 point-lattice).
Monodromy parameters for Kerr-AdS
The fast convergence and high accuracy of the τ function calculation is suitable for the study of small black holes. Turning our attention to Kerr-AdS 5 , we consider spinning black holes of different angular momenta and radii. In view of holographic applications, we make use of an extra parameter given by the mass of the scalar field scattered by the black hole. Numerical results are presented in Table 3 7 .
One can use the initial condition for the first derivative and (2.44) to determine an asymptotic formula for the composite monodromy parameters σ and s as functions of the frequency. In the spirit of establishing the occurrence of instabilities, it is worth looking at the small black hole limit. To better parametrize this limit, let us define: Table 3 . and we remind the reader that 1,2 are also constrained by the extremality condition a i < 1. We will focus on the case m 1 = m 2 = 0 (and therefore even) in order to keep the expressions reasonably short. It will be convenient to leave z 0 implicit at times, 
The single monodromy parameters can be seen to have the structure:
where φ ± are real and positive for real and positive ω. We also observe that θ 0 is parametrically close to the frequency ω, and the correction is negative for positive r + . We now proceed to solve for the composite monodromy parameter σ ≡ σ 0z 0 ( ) using the series expansion (3.12). For even ≥ 2, the first correction is (4.10) and, due to the pole structure of (3.13), naive series inversion will yield the expansion for σ up to order r 2 + . The case = 0 is then special, and will be dealt with shortly. One can see from (3.10) that, for p = 0, the monodromy parameter s will behave asymptotically as z −σ 0 , diverging for small z 0 . Changing the value of p will change this behavior. Changing the value of p means shifting the argument σ that enters the definition of X 0 (σ, t 0 ) in (3.8) and therefore of Y (σ, t 0 ) in (3.4) . Let us call Y ,2p the expression in (3.5) for generic p and σ 2 + . The expression for p = 0 is given by
(4.11) We point out that this value is actually independent of p, except when 2p = , as we will see below. We anticipate, from (3.9) , that Y ,p for 2p < will yield a larger value for s for smaller r + . We also remark that s will have a non-analytic expansion in r + , due to the term z −σ 0 . Finally, from the expansion we conclude that Y ,p has an imaginary part of subleading order.
= 0
The "s-wave" case = 0 is singular since the leading behavior of σ − 2 is of order r 2 + . The expansion (3.13) does not converge in general due to the denominator structure of the coefficients κ n . For the small r + black hole application, however, we are really dealing with a scaling limit where
have finite limits for ϕ ± and υ as z 0 → 0. Because of the poles of increasing order in σ in (3.13), in the = 0 case one has to resum the whole series in order to compute υ. Thankfully the task is amenable due to the fact that, in the scaling limit, the term of order z 0 in each of the factors k n t n 0 in the expansion (3.13) comes from the leading order pole (3.14)
The series can be resummed using the generating function for the Catalan numbers
and the result for υ readily written For the application to the = 0 case of the scalar field, we will use the notation (4.9), and again use σ 0 = 2 − ν 0 r 2 + . In terms of the black hole pameters, ν 0 has a surprisingly simple form: (4.17) and
Finally, let us define the shifted Y , for 2p = . Since the shifted argument σ − 2p -25 -is close to 2, we need the same scaling limit as above in (4.16). The result is
where ν is taken from (4.10).
To sum up, we exhibit the overall structure for small r + :
20)
where ν and ϑ have non-zero limits as r + → 0, corrections of order r 2 + , and, most importantly, are positive for ω real and greater than ∆ − 4.
The quasinormal modes
Implementation of the quantization condition (2.40) can be done with the formula (B.7). This yields a transcendental equation for ω whose solutions will give all complex frequencies for the radial quantization condition. These include negative-real part frequencies, as well as non-normalizable modes. Since we are interested in positive real-part frequencies, we will consider a small correction to the vacuum AdS 5 result [38, 39] ω n, = ∆ + 2n + + η n, r 2 + , (4.22) under the hypothesis that η n, has a finite limit as r + → 0. One notes by (4.6) that θ 0 and ω are perturbatively close, so η n, can be calculated perturbatively from the expansion of θ 0 . We will assume that ∆ is not an integer. The parametrization (4.22) allows us to expand (3.10) as a function of r + . The procedure is straightforward: We use Y ,0 from (4.21), as it gives the right asymptotic behavior, to compute X 0 using (3.4) and then the s parameter (3.10). To second order in r + we have 23) and the leading behavior for the parameter s n, given Y , in (4.21) is
where we defined ν n, as the correction for σ as in (4.21) calculated at the vacuum frequency ν (ω = ∆ + 2n + ). Finally,
again, with ϑ n, = ϑ(ω = ∆ + 2n + ). We also note that Σ n, is real and positive under the same conditions as (4.21). Moreover, the choice of p, implicit in Y , guarantees that s n, has a finite limit as r + → 0, although its dependence on r + is non-analytic. Equation (B.7) can now be used, setting cos πσ 1t = cos π(θ 1 + θ t ) for the radial parameters, to find a perturbative equation for η n, . We expand each of the terms in (B.7) using (4.9) as well as Figure 2 . In the first row, the dependence of the real and imaginary parts of the first quasinormal mode frequency ω 0 for small Kerr-AdS 5 black holes (a 1 = 0.002, a 2 = 0.00199, µ = 7.96 × 10 −8 ). In the second, the dependence of the composite parameter 2 − σ.
We can now proceed to calculate the first correction to the eigenfrequencies (4.22). By using the approximations (4.27) and (4.28) above we find the correction to θ 0 for each of the modes n,
(4.29)
Finally, after some laborious calculations, we find For = 0, the form of the correction is slightly different. Repeating the calculation, we see that η n, =0 has the simpler form
We note that both the real and imaginary parts of the corrections η n, are negative, the real part of order r 2 + as expected, and the imaginary part of order r 3 + . We stress that we are taking m 1 = m 2 = 0.
In the midst of the calculation, we see that the imaginary part of η n,0 has the same sign as the imaginary part of θ + , which in turn is essentially the entropy intake of the black hole as it absorbs a quantum of frequency ω and angular momenta m 1 and m 2 :
giving the same sort of window for unstable modes parameters m 1 , m 2 as in superradiance, so a closer look at higher values for m 1,2 is perhaps in order for future work. A full consideration of linear perturbations of the five-dimensional Kerr-AdS black hole, involving higher spin [40, 41] , can be done within the same theoretical framework presented here, and will be left for the future. We close by observing that the expressions (4.30) and (4.32) above seem to represent a distinct limit than the results in [8] -which are, however, restricted to ∆ = 4 -and therefore not allowing for a direct comparison.
Some words about the odd case
Let us illustrate the parameters for the subcase m 1 = , m 2 = 0. The single monodromy parameters admit the expansion 36) with all of them finite and non-zero as r + → 0. As usual, θ ± are purely imaginary whereas θ 0 is real for real ω. These properties hold for any value of m 1 and m 2 . For ≥ 1 and odd, the composite monodromy parameters are found much in the same way as the case ≥ 2 considered above, by inverting (3.12). In the following we set ω 0 = ∆ + 2n + as the limit of the frequency as r + → 0. We have for the composite monodromy parameter σ = 2 + − ν r For = 1, finding ν 1 from condition (2.41) requires going to higher order in z 0 , due to the pole at σ = 3 in the expansion (3.12),
For the following discussion, we take from this calculation that the ν 's are real and greater than 1 for ∆ > 1, which we will assume to hold for any m 1 and m 2 . Apart from these properties, the particular form for ν will be left implicit. Given ν , we can use the same procedure as in the even case to compute the s parameter. Again, in order to have a finite r + → 0 limit, we take p = ( + 1)/2. After some calculations, we have s n, = 1 + 2ν r 2 + log r + + Ξ n, ν r 
where Ψ(z) is the digamma function, and γ = −Ψ(1) the Euler-Mascheroni constant. In the definition above we have already set θ 0 = ∆ + 2n + − β n, r 2 + , but as we can see from (4.40), now we need s n, to second order in the expansion parameter r + . We again assume that ∆ is in general not an integer, since this is irrelevant for the determination of the imaginary part of the frequency. However, having ∆ integer will change the behavior of the real part of the correction to the eigenfrequency with respect to r + .
We note that s n, is non-analytic, and therefore the expansion for β n, will include terms like log r + . We expand (B.7), with σ 1t = 2 − ∆ + θ + (up to an even integer) to fourth order and find as first approximation to the correction to the frequency η n, = . . . + ν n, ν n, + 1 ν n, − 1 + Ξ n, r 2 + log r + + . . . , (4.42) where the terms left out are real, stemming from the relation between θ 0 and ω. From (4.42), any possible imaginary part for the eigenfrequency will then come from the imaginary part of Ξ n, . The latter can be calculated by using the reflexion property of the digamma function 43) or, in terms of m 1 and m 2 ,
(4.44) We then see that the imaginary part of Ξ n, can have any sign, a strong indication that the odd modes are unstable. Numerical support for this is included in Fig. 3 , in which we use an arbitrary-precision Python code (capped at 50 decimal places) to show a slightly positive imaginary part for the resonant frequency at r 0.02. We point out that, indeed, instabilities in asymptotically anti-de Sitter spaces are expected from general grounds [42] , and odd instabilities for the massless case (∆ = 4) were found in [8] . 
Discussion
In this paper we used the isomonodromy method to derive asymptotic expressions for the separation constant for the angular equation (angular eigenvalue) in (3.19) as well as the frequencies for the scalar quasinormal modes in a five-dimensional Kerr-AdS background in the limit of small black holes, see in particular (4.30) and (4.32). The numerical analysis carried out for the Schwarzschild-AdS and Kerr-AdS cases showed that the τ function approach has advantages when compared to standard methods, in terms of faster processing times. For even, the correction to the vacuum AdS frequencies is negative with negative imaginary part for ∆ > 1, the scalar unitarity bound, showing no instability in the range studied. For odd, there are strong indications for instability due to the general structure of the corrections in (4.44). In particular, for = 1, the numerical results shown in Fig. 3 exhibit an unstable mode for r + ≤ 0.02 and nearly equal rotational parameters. We plan to address the phase space of instabilities and holographic consequences in future work. The method in this paper relies on the construction of the τ function of the PVI transcendent proposed in the literature following the AGT conjecture. The conditions in (2.41) translate the accessory parameters in the ODEs governing the propagation of the field -themselves depending on the physical parameters -into monodromy parameters, and the quantization condition (2.39) allows us to derive the angular separation constant (3.19) . In turn, the quantization condition for the radial equation (2.40), through series solutions for the composite monodromy parameters s and σ, allows us to solve for the eigenfrequencies ω n, , even in the generic complex case.
The interpretation of the ODEs involved as the level 2 null vector condition of semiclassical Liouville field theory allows us to conclude that all descendants are relevant for the calculation of the monodromy parameters, even though for angular momentum parameter ≥ 2, one can consider just the conformal primary (first channel) for the parameter σ 0t .
The scaling limit resulting from this analysis gives the monodromy parameter σ in (4.10). For the parameter σ 1t , the requisite of a smooth r + → 0 limit forces us to consider the asymptotics of the whole series (3.12), thus involving all descendants. This means that naive matching of the solution obtained from the near horizon approximation to the asymptotic solution near infinity is not a suitable tool for dealing with small black holes. For the composite monodromy parameter σ 1t , more suitably parametrized by s in (B.7), the requirement of a finite r + → 0 limit allows us to select the solutions (4.24) for even and (4.40) for odd. Although finite in the small black hole limit, the s parameter has a non-analytic expansion in terms of r m + (log r + ) n .
For the s-wave = 0 calculations, we had to consider a scaling limit in (3.12) where the Liouville momenta associated to θ + and θ − go to zero as r + , at the same time as z 0 and σ − 2 scales as r 2 + . The formulas (4.15) and (4.16) are reminiscent of the light-light-heavy-heavy limit of Witten diagrams for conformal blocks [43] . It would be interesting to understand the CFT meaning of this limit.
The Toda equation, which allows us to interpret the second condition (2.41) on the Painlevé τ function, also merits further study. As for the first condition, we note that it provides the accessory parameters for both the angular and radial equations -Q 0 in (2.12) and K 0 in (2.20), respectively -as the derivative of the logarithm of the τ function for each system. On the other hand, these accessory parameters are both related to the separation constant of the Klein-Gordon equation, as can be verified through (2.14) and (2.22) . Including these terms in the definition of a τ function for the angular and radial systems, we can represent the fact that the separation constant is the same for (2.12) and (2.20) as the condition
which in turn can be interpreted as a thermodynamical equilibrium condition. Given the usual interpretation of the τ function as the generating functional of a quantum theory, the elucidation of this structure can shed light on the spacetime approach to conformal blocks. The present work gives, in our opinion, convincing evidence that the PVI τ function is the best tool -both numerically and analytically -to study connection problems for Fuchsian equations, in particular scattering and resonance problems for a wide class of black holes. [22, 23] τ (t) = where Y denote the space of Young diagrams, λ and µ are two of its elements, with number of boxes |λ| and |µ|. For each box situated at (i, j) in λ, λ i are the number of boxes at row i of λ, λ j , the number of boxes at column j of λ; h(i, j) = λ i +λ j −i−j +1 is the hook length of the box at (i, j). Finally, the parameter s is given in terms of monodromy data by: s = (w 1t − 2p 1t − p 0t p 01 ) − (w 01 − 2p 01 − p 0t p 1t ) exp(πiσ 0t ) (2 cos π(θ t − σ 0t ) − p 0 )(2 cos π(θ 1 − σ 0t ) − p ∞ ) (A.5) where p i = 2 cos πθ i , p ij = 2 cos πσ ij ,
The Fredholm determinant representation for the PVI τ function uses the usual Riemann-Hilbert problem formulation in terms of Plemelj (projection) operators and jump matrices. The idea is to introduce projection operators which act on the space of (pair of) functions on the complex plane to give analytic functions with prescribed monodromy (Cauchy-Riemann operators). Details can be found in [15] . One should point out that the two expansions agree as functions of t up to a multiplicative constant. τ (t) = const. · t . For the numerical implementation, we write the matrix elements of A and D in the Fourier basis z n , truncated up to order N . Again, the structure of the matrix elements A mn and D mn can be found in [15] . This truncation gives τ up to terms O(t N ), and, unlike the Nekrasov expansion, can be computed in polynomial time.
The formulation does in principle allow for calculation for arbitrary values of t, by evaluating the integrals in (A.8) as Riemann sums using quadratures [44] , so there are good perspectives for using the method outlined here for more generic configurations.
